Let F q denote the finite field with q elements. In this work, we use characters to give the number of rational points on suitable curves of low degree over F q in terms of the number of rational points on elliptic curves. In the case where q is a prime number, we give a way to calculate these numbers. As a consequence of these results, we characterize maximal and minimal curves given by equations of the forms ax 3 + by 3 + cz 3 = 0 and ax 4 + by 4 + cz 4 = 0.
Introduction
Let F q be a finite field with q = p k elements. For a curve C over F q , we denote by N n (C) the number of rational points of C over F q n . For an irreducible non-singular curve C over F q , the well-known Hasse-Weil bound states that
where g denotes the genus of C. In general, calculating the exact value N n (C) is a difficult task. Many authors have studied curves whose number of rational points attains the upper Hasse-Weil bound, called maximal curves. The number of points on some special curves was studied in [4, 6, 8, 9, 10, 12, 18] . In this work, we use sums of characters to give the number of rational points on curves over F q of degree 3, 4 and 6 in terms of the number of rational points on elliptic curves over F q . The connection between sums of characters and elliptic curves have already been studied by Williams [25] . For q a odd prime power, elliptic curves over F q are curves given by equations of the form
where a = 0, b, c, d are elements of F q . Results involving points on Elliptic curves can be found in [13, 19, 20] . In Section 3, we show a way to calculate the number of rational points on elliptic curves computationally faster than direct computation.
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In algebraic geometry, a hyperelliptic curve of genus g ≥ 1 is an algebraic curve given by an equation of the form
where f (x) is a polynomial of degree 2g + 1 or 2g + 2 with distinct roots and h(x) is a polynomial of degree ≤ g + 1. When the characteristic of the field is not 2, we can take h(x) = 0 (make the change of variables, by taking y = z − 1 2 h(x) and x = w). The hyperelliptic curves are useful in cryptography (for example, see [3] ). In Ulas [24] and Nelson, Solymosi, Tom and Wong [17] , the authors present results concerning the number of rational points on hyperelliptic curves. In Section 4, we present the number of rational points on curves of the form y 2 = f (x), where f (x) ∈ F q is a suitable polynomial of degree 4 or 6. In particular, we give the number of points on the most hyperelliptic curves of genus 1 when q is odd.
In Section 5, we calculate the number of points on the curves given by equations of the form y 3 = (x + a)(Ax 2 + Bx + C), y 3 = ax 3 + b and y 3 = ax 6 + b. In Section 6, we use results from Section 4 to give the number of rational points on curves with equation of the form y 4 = ax 4 + bx 2 + c.
In addition, we give a way to calculate the numbers of points in all results that we present in the case where the coefficients of the curve are in a prime field.
As a consequence of the results presented throughout the paper, in Section 7 we discuss about the maximality and minimality of curves with equations of the form ax n + by n + cz n = 0 in the cases n = 3 and n = 4, where a, b, c are elements in a prime field F p . The case where a = b = c = 1 is the well-know Fermat curve, whose maximaliy and minimality was discussed in [22] .
Preliminaries
In this section, we recall some general results involving rational points on curves over finite fields. Throughout the paper, we use the notation bellow.
Notation
• F q is a finite fields with q = p k elements.
• F q is the algebraic closure of F q .
• For a curve C over F q and n ≥ 1, the set of F q n -rational points is denoted by C(F q n ).
• N n (C) is the number of rational points of a curve C over F q n .
• The genus of a curve C over F q is denoted by g.
• For D a divisor of a curve C, N(D) = q deg(D) is the norm of D.
• ω denotes the complex conjugate of a complex number ω.
• The indicator function of an event A is denoted by ½ A .
The theory on algebraic curves over finite fields can be found in Moreno [16] . Here, we present the main results involving the well-known zeta function for algebraic curves.
where D runs over all effective F q -rational divisors of C. 
a j q −js , with a 0 = 1 and a 2g = q g .
The polynomial L(x) ∈ Z[x] in Theorem 2.2 is called L-polynomial of the curve C. 
From the Theorem 2.3, it follows that the number of rational points on a curve C over
From this theorem, we have the known Hasse-Weil bound for the number of rational points on an irreducible non-singular curve over F q of genus g, given by
From Hasse-Weil bound, it is possible to deduce another bounds for irreducible singular plane curves. In fact, Aubry and Perret [1] generalized this result to irreducible curves. 
where ∆ X is a constant depending on C and ω i , β i are complex numbers. Furthermore,
where π is the arithmetic genus of C.
In this paper, we determine the number of rational points on some particular singular and non-singular curves of degree 3, 4 and 6. From this results, we have immediately the genus and some information about the singularities of these curves.
Remark 2.5. The algebraic curves theory is developed in the projective space, then points at the infinity may be on the curve. For example, the point (x 0 , y 0 , z 0 ) = (0, 1, 0) is on the (homogenization of the) elliptic curve y 2 = x 3 + 1 .Therefore, both Theorem 2.3 and Theorem 2.4 are considering that points at the infinity. In the results that we present in this paper, we follow that convention, considering that rational points. There exists a complex number ω, with |ω| = √ q, that satisfies
The number ω is unique unless conjugation. As ω depends on a, b, c, d and q, we denote ω by ω q (a, b, c, d).
As ω q (a, b, c, d) is unique unless conjugation, we let
be the function defined by (a, b, c, d) → ω q (a, b, c, d), where ℑ(ω) denotes the imaginary part of ω q . In Section 3, we present a way to compute ω q (a, b, c, d) computationally faster.
Remark 2.8. By definition of ω q and Corollary 2.7, we have ω q n (a, b, c, d) = ω q (a, b, c, d) n for all a, b, c, d ∈ F q and for all positive integer n.
Rational Points On Elliptic Curves
For n a positive integer, let i be a divisor of q n − 1 and χ i denotes a multiplicative character of order i on F * q n . To reduce the notation, we leave implicit the dependence on n. It is convenient to extend the domain of the definition of χ i from F * q n to F q n by setting χ i (0) = 1 if i = 1 and χ i (0) = 0 if i ≥ 2. Throughout the proofs of the results in this paper we use that χ i (ab) = χ i (a)χ i (b) for all a, b ∈ F q . From now, we consider q odd. 
where ∆ = 0 if and only if the roots of f (x) are distinct. In addition, every root of f (x)
is an element of F q if ∆ = 0.
From here, let ∆(a, b, c, d) denote the discriminant of the polynomial f (x) = ax 3 + bx 2 + cx + d. is defined as in Corollary 2.7.
Proof: Let C be the curve y 2 = ax 3 + cx 2 + cx + d. We observe that N n (C) = 1 + x∈F q n 1 + χ 2 (ax 3 + bx 2 + cx + d) .
By Corollary 2.7, if ∆ = 0, we have
As x∈F q n 1 = q n , the result follows. If ∆ = 0, then there exist a root α ∈ F q of the polynomial ax 3 + bx 2 + cx + d with multiplicity ≥ 2. Hence,
Thus, from the relation
and Lemma 3.2, we have x∈F q n
This complete the proof.
As we use Lemma 3.4 in the most results in this paper, it is convenient to introduce the following notation. We define the function ∆ ′ :
where α 1 , α 2 , α 3 are the roots of the polynomial f (x) := ax 3 + bx 2 + cx + d. From this definition, it follows that ∆(a, b, c, d) = 0 if and only if ∆ ′ (a, b, c, d) = 1. We also define the function α : Remark 3.6. It is known that χ 2 (a) = (−1) n ∈ C if and only if a
Indeed, by definition,
In similar way, we have that
The following lemma characterizes, modulo p, the trace of Frobenius
of an elliptic curve given by y 2 = ax 3 + bx 2 + cx + d over F p . As we are interested in odd characteristic, we suppose b = 0. This lemma enables us to calculate the number of points on elliptic curves whose coefficients are in a prime field F p .
Lemma 3.7. Let C : y 2 = Ax 3 + Bx + C be an elliptic curve over F p n , where p is a odd prime. The trace of Frobenius of C satisfies the relation
Proof: We observe that
Therefore, we have
By Remark 3.6,
By Lemma 3.5, the sum x∈F p n x 2j+i is nonzero only if 2j + i ≡ 0 (mod p n − 1) and 2j + i = 0, and in these cases, the sum is −1. In addition, since
Since N 1 (C) = p n + 1 − τ p n (A, 0, B, C), the result follows.
Remark 3.8. The prime number p in Lemma 3.7 can be replaced by a power of p with the same proof. We will use this alternative version of this lemma in section 7.
In Lemma 3.7 there is an abuse of language when we write
since the left summation is over C and the right summation is over F q . In fact, we do it many times through this paper.
Since 
2l 9 − l 0 3l−9 2 9−2l ≡ 7 (mod 19).
Since |ω 19 (1, 0, 0, 2)+ω 19 (1, 0, 0, 2)| ≤ ⌊2 √ 19⌋ = 8, we have ω 19 (1, 0, 0, 2)+ω 19 (1, 0, 0, 2) = 7. Thus, using the fact that |ω 19 (1, 0, 0, 2)| = √ 19, we conclude that
In addition, the number of rational points of J over F 19 n is given by
We will use this technique in the examples of this paper in order to calculate the number of rational points on suitable curves. In [21] , the author present congruences similar to congruence in Lemma 3.7. In fact, some values of ω q are well-known in the case where p is a prime number, e.g. see [2] . 
. Proof: Using the fact that χ 2 (0) = 0, we have x∈F q n
where ∆ ′ := ∆ ′ (a, b, c, d) and α := α(a, b, c, d).
be a curve over F q . The number of rational points on C over F q n satisfies
.
Hence, the result follows by Lemma 4.2 in the case be 2 − ae 3 + d − ec = 0. Otherwise,
In this case, the result follows by Lemma 3.1. Theorem 4.5. For a, b, c, d ∈ F q , with a = 0, let C : y 2 = ax 6 + bx 4 + cx 2 + d be a curve over F q . The number of rational points on C over F q n is given by
where Proof: The number of rational points on C is given by
The result follows by Lemma 3.4, Lemma 3.2 and Lemma 4.2 in the case d = 0. Otherwise,
Hence, the result follows by Lemma 3.1 and Lemma 3.4.
Example 4.6. Let J : y 2 = 2x 6 +1 be a curve over F 29 . In order to calculate ω 29 (2, 0, 0, 1)
and ω 29 (1, 0, 0, 2), we use Lemma 3.7 as in Example 3.9. We note that ω 29 (2, 0, 0, 1) + ω 29 (2, 0, 0, 1) ≡ The number of rational points on C over F q n is given by
Proof: As in the last theorem, If α 1 , α 2 ∈ F q 2 are the roots of the polynomial f (x) = ax 2 + bx + c and the polynomials f (x) and g(x) = Ax 2 + Bx + C has no common roots, then
where C is a curve given by the equation z 2 = (B − by i ) 2 − 4(A − ay i )(C − cy i ) and δ is a constant referent to points at the infinity given by
otherwise.
Proof: We observe that the summation x∈F q n x ∈{α 1 ,α 2 } 1+χ i Ax 2 +Bx+C ax 2 +bx+c + · · · + χ i−1 i Ax 2 +Bx+C ax 2 +bx+c count the number of rational points on the curve C ′ : y i (ax 2 + bx + c) = Ax 2 + Bx + C over F q n . Let y i 0 ∈ F q n , if there exists x 0 ∈ F q n such that (x 0 , y 0 ) is on the curve, then it is given by one of the following
Hence, fixing y i 0 ∈ F q n , there exists x 0 ∈ F q n such that (x 0 , y 0 ) is on the curve C ′ only if (B − by i 0 ) 2 − 4(A − ay i 0 )(C − cy i 0 ) is a square in F q n or if y i 0 = Aa −1 . Let C be the curve given by equation z 2 = (B − by i ) 2 − 4(A − ay i )(C − cy i ). In the case where Aa −1 is a i-th power in F q n and Aa −1 b = B, there are i rational points of the form cA−Ca Ba−bA , γ i on the curve C ′ , where γ is a i-th primitive root of Aa −1 . Since there are 2i rational points in C where y i = Aa −1 (namely ± Ba−bA a , γ i ), the result is proved in this case. In the case where Aa −1 b = B, there are no rational points with y i = Aa −1 on the curve C ′ and only i on C, then, in the same way, the result follows. 
where C is a curve given by the equation Proof: By Lemma 4.8,
where C is the curve given by the equation z 2 = (B − by 2 ) 2 − 4(A − ay 2 )(C − cy 2 ). In the same way,
We have the necessary tools to calculate N n (C) in some cases, as we will see in the following results.
Corollary 4.11. Let A, B, C, a, b , c be elements in F q that satisfy the hypothesis of the Lemma 4.8. Assuming b 2 − 4ac = 0 and B 2 − 4AC = 0, the number of rational points on the curve C : y 2 (ax 2 + bx + c) = Ax 2 + Bx + C over F q n is given by
Proof: It follows from Theorem 4.10 and Theorem 4.7. In this section, we assume q ≡ 1 (mod 3). The case q ≡ 1 (mod 3) is not interesting, since the function y → y 3 permutes the elements of F q .
Theorem 5.1. Let a, A, B, C ∈ F q with A = 0. Let C 1 : y 3 = (x + a)(Ax 2 + Bx + C) and C 2 : y 3 = (x + a) 2 (Ax 2 + Bx + C) 2 be curves over F q . If Aa 2 − Ba + C = 0, then the number of rational points on C 1 and C 2 over F q n satisfies
where a ′ := 4Aa 2 + 4C − 4Ba and c ′ := B 2 − 4AC.
Proof: Since the number of rational points on the C : y 3 = (x + a)(Ax 2 + Bx + C) is equal to the number of rational points on the curve C ′ : y 3 = (x + a) 4 (Ax 2 + Bx + C), unless 3 possible points at the infinity, the value N n (C 1 ) follows from Theorem 4.10 and Lemma 3.4. In order to calculate N n (C 2 ), we note that
Example 5.2. Let J 1 : y 3 = (x + 3)(−x 2 + 2x + 2) be a curve over F 37 . In order to calculate ω 37 (−52, 0, 0, 12), we use Lemma 3.7 as in Example 3.9. We note that ω 37 (−52, 0, 0, 12)+ω 37 (−52, 0, 0, 12) ≡ then ω 37 (−52, 0, 0, 12) = −5+i √ 12. Theorem 5.1 states that the number of rational points on J 1 over F 37 n is given by
In addition, the number of rational points on the curve J 2 :
over F 37 n is given by
The number of rational points on C :
. Since S 1 count the number of rational points in the curve with equation z 2 = y 3 a + b 2 4a 2 , the result follows from Lemma 3.4.
The number of rational points on the curve C :
where ω 1 := ω q (a −1 , 0, 0, −ba −1 ), ω 2 := ω q (b −1 , 0, 0, −ab −1 ), ω 3 := ω q (1, 0, 0, −4ab) and ω 4 := ω q (−4ab, 0, 0, 1).
Proof: We note that
and
By Lemma 3.4,
where ω 1 := ω q (a −1 , 0, 0, −ba −1 ) and
where ω 2 := ω q (b −1 , 0, 0, −ab −1 ). By Remark 4.9 and Theorem 4.5,
where ω 3 := ω q (1, 0, 0, −4ab) and ω 4 := ω q (−4ab, 0, 0, 1). 
where In this section, we calculate the number of rational points on curves of the form y 4 = ax 4 + bx 2 + c. The case q ≡ 3 (mod 4) must be considered separately, since every square is a fourth power, as we show in the following lemma. Lemma 6.1. Let F q be a finite field with q ≡ 3 (mod 4) elements and k a positive integer.
An element α ∈ F q is a square if and only if it is a 2 k power.
Proof: Since gcd(2 k−1 , q−1 2 ) = 1, there are integers a, b such that 2 k−1 · a + q−1 2 · b = 1. Then
Therefore, in the case q ≡ 3 (mod 4), the number of rational points on L : y 4 = ax 4 + bx 2 + c is the same as the number of rational points on y 2 = ax 4 + bx 2 + c unless points at the infinity. We have already presented the number of points on y 2 = ax 4 +bx 2 +c in Theorem 4.7. In order to calculate N n (L) for any integer positive n in the case where the a, b, c are elements in a prime field, we have to calculate the number of points in these curves in the case q ≡ 1 (mod 4). 
Proof: We observe that x∈F q n 1 + χ 4 (ax 2 + bx + c) + χ 2 4 (ax 2 + bx + c) + χ 3 4 (ax 2 + bx + c)
calculate the number of rational points on the curve C : z 2 = y 4 a + b 2 −4ac 4a 2 . Therefore, letting L := x∈F q n χ 4 (f (x)) + χ 3 4 (f (x)) , by Theorem 4.7, we have 
where ω 1 := ω q (a −1 , 0, d 1 , 0), Then, by Theorem 6.3, the number of rational points on J over F 41 n is given by
In the following result, we use that the number of rational points on L : y 4 = ax 4 +bx 2 +c is essentially the number of points on L ′ : y 2 = ax 4 + bx 2 + c, as we have seen in Lemma 6.1.
is a prime number and a = 0. The number of rational points on the curve C : Since |ω 1 + ω 1 | ≤ 2 √ p and |ω 2 + ω 2 | ≤ 2 √ p, we must have ω 1 = ω 2 = 0 for p > 4. A straightforward calculation shows that ω 3 (a −1 , 0, d 1 , 0) = ω 3 (c −1 , 0, d 2 , 0) = 0.
In addition, since there are 1 + χ 2 (a) points at the infinity on C (by Lemma 6.1, each element a ∈ F p has exactly 0 or 2 fourth roots), by Theorem 4.7, we have 
Maximal and Minimal Curves
Let F q 2 be a fields with q 2 elements. Let C be a projective, geometrically irreducible and non-singular algebraic curve defined over F q 2 . The curve C is called maximal over F q 2
if it attains the Hasse-Weil upper bound, that is,
where g is the genus of C. Similarly, a curve is called minimal over F q 2 if it attains the Hasse-Weil lower bound. Many researchers have studied maximal and minimal curves, e.g. see [5, 7, 11, 23] . In this section, we use the theorems presented in the previous sections in order to produce families of maximal and minimal curves. We will consider the curves with equation ax n + by n + cz n = 0 in the cases n = 3 and n = 4, where a, b, c are elements in a prime field. The special case where a = b = c = 1, that is, the projective curve with equation
x n + y n + z n = 0, are well-known as Fermat curves. An general criteria to decide when a Fermat curve C : x n + y n + z n = 0 is maximal or minimal was presented by Tafazolian [22] . where n i m i := 0 if m i > n i and m = m k p k + · · · + m 1 p + m 0 , n = n k p k + · · · + n 1 p + n 0 are the base p expansions of m and n.
The results proved in 7.3 and 7.2 generalize the result of Tafazolian [22] for Fermat curves of degree 3 and 4. From the results presented in this section, it emerge the following question. Question 7.5. Are the conditions for the maximality and minimality of the curve ax n + by n + cz n = 0 the same as the conditions for the Fermat curve x n + y n + z n = 0 presented in [22] for all positive integer n?
